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Cartan-type case coincides with the GET in the first order of approximation. Finally, 
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1. Motivation and introduction 

The theory under consideration in the present work is an expansion of the generahzed 
field theory (GFT) [3] (formulated in the context of Absolute Parallelism (AP-) geometry 
(cf. [2], [12], [U]) to the tangent bundle TM. The theory is formulated in the context 
of Extended Absolute Parallelism (EAP-) geometry [16] . The EAP geometry, combines 
within its structure, the geometric richness of the tangent bundle (cf. [7]) and the 
mathematical simplicity of AP-geometry (cf. [9], [12|)- The theory, which we refer to 
as the Extended Teleparallel Unified Field Theory (ETUFT), is constructed in a much 
wider and richer context than the GFT. Accordingly, the suggested theory has at least 
the advantages and features of its mother theory (and hopefully more). The GFT has the 
main properties required for any physical theory unifying gravity and electromagnetism: 

(1) Its material contents is totally induced by geometry [3]. 

(2) All physical (and geometric) quantities of the theory are derived from one entity, 
namely, the building blocks of the geometry (the fundamental vector fields forming 
the parallelization) [3]. 

(3) The theory shows that the charge of gravity (mass/energy) can generate electro- 
magnetism [1], [5]. 

(4) The theory shows that there is a direct relation between mass and electric charge. 
In particular, it shows that a part of mass is electromagnetic in origin and that the 
mass of the electron is totally electromagnetic in origin [T3] . 

In addition to the above advantages enjoyed by the GFT, the ETUFT carries 
within its structure the potentiality of describing interactions other than gravity 
and electromagnetism [13]. In fact, we conjecture that the vertical field equations 
may express some kind of micro- (or quantum) properties. 

For the above mentioned reasons and more, we are motivated to study the linearized 
form of the suggested field equations in the context of the ETUFT. 

In the context of geometric field theories, the linearization scheme, although not 
covariant, has many advantages. Among these advantages is the determination of the 
constants or/and the parameters characterizing a certain theory. Another advantage is 
to test whether a nonlinear theory covers the domain of a previous, partially successful, 
linear theory. A third (and important) one is the attribution of some physical meaning 
to the geometric objects used to construct the theory. 

The linearization scheme depends mainly on expanding different geometric objects, 
used in the construction of the theory, in terms of some small parameters and then 
neglecting terms of the second and higher order in these parameters. The neglect of 
such small quantities in the field equations implies the physical assumption that the 
field is weak. Also, the neglect of similar quantities in the equations of motion refiects 
the physical assumption that the motion is slow. The two assumptions characterize low 
energy systems. This provides us with a tool to test the theory in low energy regeme. 



It should be noted that the production of high energies to test some theories is difficult 
and sometimes even impossible because of both technological and budgetary reasons. 

In the present work, we are going to linearize the field equation of the ETUFT 
[Ti] . In addition to the advantages of the linearization scheme mentioned above, we 
hope to throw more light on both the horizontal and vertical geometric objects used in 
the construction of the ETUFT. In other words, we hope to illuminate the role of the 
extra degrees of freedom implied by the ETUFT. A further advantage, which may be 
gained from linearization, is whether one can explore the physical role of the nonlinear 
connection characterizing the underlying geometry. Though the mathematical role of the 
nonlinear connection in the derived field equations is cleaiij, the physical aspect of this 
nonlinear connection needs further investigationo 

The paper is organized in the following manner. In section 2, a short survey of the 
field equations obtained in the EAP-context is given. In section 3, we give a brief account 
on the process of linearization in the the classical AP-context followed by the process 
of linearization in the EAP-context. In section 4, we compute the fundamental tensor 
fields of the EAP-space under our linearization assumption. In section 5, we study the 
Cartan-type case under the linearized condition. In section 6, we give an approximate 
solution of the vertical field equations, and finally, we end the paper by some concluding 
remarks. 

It should be noted that this paper is a (natural) continuation of [H]. Accordingly, 
we will use the results of [Tl] and stick to its notations. 



^In fact, the splitting of the field equations into horizontal and vertical counterparts is made possible 
due to the existence of the nonlinear connection. 

^This may be partially achieved if an appropriate physical interpretation of the directional argument 
y is given. 



2. A short survey of the field equations in the EAP-context 

We first recall the fundamental tensor fields of the EAP-space. These are given in 
the following table 



Table 1: Fundamental second rank tensors of EAP-space 



Horizontal 


Vertical 


Skew- Symmetric 


Symmetric 


Skew-Symmetric 


Symmetric 


t.fj.i' '■— l/ii' \a 




S,ab ■= lab\\d 




'~f^u -^ ^qTm^ 




lab '■— Cdjab 




Vfii' •= ^13 ^iiv 


<i>^,, := Cfi Q^l, 


Vab-.^CdT^h 


^ab := Cd ni, 


Xi.v ■■= A^,|„ 


Ipfiiy ■= ^^u\t3 


Xab ■= T^bWd 


Ipab '■= ^ab\\d 


^liv ■= ^/j 1/ ^ v\ii, 


"fj,u •= ^fj.lv + '-^i'Im 


<^ab := Ca\\b - Cf,\\a 


&ab := Ca\\b + Ci,\\a 


u^.-.^ii^-iZp-il^iTi. 


h^,. :=7^^7?3+7^o7^. 


Uat := 7^7?, - 71^7,^, 


h.b := ^'aa-fL + lla<t 




<^fj.iy '■— lafj.l/3u 




'^ab := l2alib 




^t^i' — lilal^p 




^ab := lldlt 




^fiu -^ ^^^u 




Otab '■— CaCb 



We now give a short survey of the field equations obtained in [T3]. We take for the 
horizontal field equations a Lagrangian similar in form (but not in content) to that used 
by Mikhail and Wanas in their construction of the GFT [5]. We also assume that the 
nonlinear connection is independent of the horizontal counterparts of the fundamential 
vector fields forming the parallelizationU 



In view of the above, for the horizontal field equations, we start with the following 
scalar Lagrangian: Let 



H = \X\g'"'H, 



fifi 



^This condition is actually satisfied under the Cartan-type condition |14) 



where 

The Euler-Lagrange equations [7j for this Lagrangian are given by 



SH dU d f m\ d f &H 



Setting 



0. (2.2) 



the Euler-Lagrange equations (12.21) take the form 

= E^ = 6^H- 2H^ - 2C^C^ - 2(5f C% + 26^C'C, - 2C'Ai 

+ 2<7"^a|. - 2^^"Ai|^ - 2K^,(A- J-A^.n (2.4) 

+ 2C^iS^^N:.^, - S^^N:.^,) + 2^°/^{6.,„,,CLi?:j 

Lowering the index /3 in (12.41) and renaming the indices, we get 

= Efj_,, := g^uH — 2H^y — 2C^Cy — 2g^i,{C''\e — CCe) — 2C''A^eu + 2Cy|^ 

- 2^-A^.,|, - 2Ar«^(A^ .^ - A^, ^) + 2g,,C^N:.^^ - 2C,K.^^ (2.5) 

This is the generahzed horizontal field equations in the context of the EAP-geometry. 
Considering the symmetric part of (12. 5p . denoting A^^ := A^i^, it is found that 

o o 

= -E(^y) := {gfMuTl — 2/?(^;,)) + g^„{cr — h — Q) — 2{a^„ — h^,, — Q{^y)) ,^ r.\ 

+ A^^(A^,^ + K^.p) + 2g^,C^N^ - {C^K + C,N^), 

which represents the symmetric part of the generalized horizontal field equations. 
Setting 

(2.7) 

(2.8) 

(2.9) 

r(^j,) is interpreted as the generalized energy momentum tensor, constructed from the 
symmetric tensors a^^, h^^, N^Q^^^, Qi^^^) and Z^^^^). 



M^, ■= N^A^u^, 


Z^u '■— ^/lAlu, Z :— g Zfj,^, 




we conclude, by (|2.6|). that 


1 




R{^u) 




T(^.):=^/?M-(fr-/i-Q + 2Z)- 


(^/.z. - V - Qif^'^)) + (2 ^p^l^ ~ 


- Z(^^) 



Consequently, the horizontal Einstein tensor has the form 

o o 1 o 

1 11 

= {2 9^.u{cr -h) + (V - (^f^v)} + 2 ^M^(2^ ' Q) + {1^ ^P ^iu - ^(a«^) + <5(/.z^)) 

1 °„ a 

+ 2 ®A','^,aC'^a-RL) (2.10) 

which is subject to the identity 

>.], = K,h + \K,P'''^a- (2.11) 

On the other hand, considering the skew-symmetric part of equation (12.51) . it is found 
that 

= i?[H = 2{(7;.. - e,, - C,. + NpKl^) + (M[h - Z[h)} + ^G ,,u,eCl,R:,. (2.12) 
Let us define 

F,u ■■ = (7m. - e^. + ^M. + NpKl,) + (M[^,] - Z[^,]) + ^ 6^,,,,C^,i?:^ 

= (Tm. - ?/.. + Vp^u) + A^^(7/../3 + A;3^.) + (- N^Kp^^u - ^[h) (2-13) 

3 

then we get from fl^TT^ and fl^TT^ 

i^M. = '^.C^ - .^^a (2.14) 

and 

'Gn,u,(7 F^u°a = — '5ii,u,a RliydaC^. (2.15) 

Accordingly, if F^,^ is interpreted as the horizontal electromagnetic field, then f l2.15p 
represents the generalized horizontal Maxwell's equations and, in view of fl2.14p . C^ is 
the horizontal electromagnetic potential. Again, by (12.131) . F^^, is constructed from the 
horizontal skew-symmetric fundamental tensors of the EAP-space (Table 1) together 
with the skew-symmetric tensors A^^7^j./3, N^^Ajj^^, G ^^^^^Cl^R^^ and Zy^^y It is thus 
constructed from a purely geometric standpoint. 

Moreover, if 

J/^:=F'^^o^, (2.16) 

then it is deduced that 

^"> = \ {F-'iK - K) + R%F^''^^^a}. (2.17) 

In the case where the nonlinear connection A*"" is integrable [7], (I2.17P can be viewed as 
a generalized conservation law and J^ as the generalized horizontal current density. 



For the vertical field equations, we consider a scalar Lagrangian formed of vertical 
entities, namely, 

V:=\\\U''Vai,, 

where 

Kfe := T^JP^b - CaCb. (2.18) 

The Euler-Lagrange equations reduce to 

«^ « ^ ^^ ' 0. (2,19) 



(2.20) 



In this case, we obtain, 

= Eab ■= QabV — '^Vab " '^dabiC^We — C^'Ce) — 2CaCb — 2C''Taeb 
+ 2Cb\\a — 2g "TabeWd- 

Considering the symmetric part of (I2.20p . we get 

o o _ 

= E(^ab) ■= {gabS - 2 Sab) + Qabi,^ - K) ~ 2{(7ab - hab) , (2.21) 

SO that 

Sab — - habS = Tab, (2.22) 

Tab ■= - gab{a- -h)- {(Tab - hab), (2.23) 

where 

T\o^ = 0. (2.24) 

Consequently, in view of (12.221) and (12.241) . Tab could be interpreted as the generalized 
vertical energy- momentum tensor, which is, according to (I2.23p . constructed from the 
vertical symmetric fundamental tensors of the EAP-space (Table 1). 

Considering the skew-symmetric part of (I2.20p . we conclude that if 

Fab ■= {lab - Cab + Vab) , (2.25) 

then 

Fab = dbCa-daCb. (2.26) 

Fab is interpretted as the generalized vertical electromagnetic field and Ca as the gener- 
alized vertical electromagnetic potential. Moreover, Fab satisfies the differential identity 

&a,b,cFab^^c = 0. (2.27) 

It is clear, by (12.250 . that Fab is constructed from the vertical skew-symmetric tensors 
of Table 1. 

Finally, if we set 

ja ._ pab^^ (^2.28) 



then, similar to (12 . 1 7p . J" represents the generahzed vertical current density and satisfies 
the conservation law 

-/"°a = 0. (2.29) 

3. Linearization scheme in the EAP-context 

We first give a brief account of the process of linearization in the the classical AP- 
context j3].The vector fields A^ in the Minkowski space of special relativity are given 
by 

A^ = 6^, (3.1) 

where ?g{1,...,4},/zG{1,...,4} and 6n is the Kronecker delta. To get a space which 

i 

differs slightly from the fiat space, it is assumed that 

A^ = 5^ + eh^ (3.2) 

ill 

where h^ E C°°{M)^ represents perturbation terms and the parameter e is assumed 
to be of small magnitude compared to unity. In this scheme, each geometric object G 
defined in the AP-space can be expressed in the form 

p 
G = 5^e^GM {pe{l,2,...}), (3.3) 

r=0 

where r denotes the power of e and G^"^^ is the coefficient of e**. For example, using (13. 2p . 
the metric tensor g^^, is found to be 



I i 



i i i i 

i i i i i i 

This linearization proceedure was carried out by Mikhial and Wanas for the GET 
(|1], [H])- The results obtained showed a perfect agreement of GET, in the first order 
of approximation, with both general relativity and Maxwell's theories. In addition, the 
linearized theory led to the prediction of new features, namely, the existence of a mutual 
interaction between both gravitational and electromagnetic fields |1]. 

In the present paper, we carry out a linearization of the field equations obtained 
in [13]. We will use the same conventions usually followed by physicists in the current 
literature in which, for example, mesh and world indices are mixed. The treatment here 
is, therefore, somewhat less rigorous than our previous paper 



In analogy to the above linearization process, we assume, in the context of EAP- 
space, that 

Xii = Sj, + ehf,{x) + ek^{y), Xa = Sa + eha{x) + eka{y), (3.4) 



*the algebra of smooth functions on M 



where i G {1, . . . , 4}, ^^ G {1, . . . , 4}, a G {1, . . . , 4} and h^, k^, ha, ka E C^{TM) 

i i i i 

represent horizontal and vertical perturbation terms. Here /i^, ha are functions of the 

i i 

positional argument x only whereas ku, ka are functions of the directional argument y 
only. Moreover, the parameters e and e are assumed to be of small magnitude compared 
to unity: 0(e) ^ 0{e) ^ 1 so that all terms of order e^, ee, e^ or higher orders can be 
neglected. This means that we are dealing with a weak field. Finally, e will denote 
either e or e so that, for example, O(e^) will mean either O(e^), 0{ee) or 0{e^). 

We interpret x^,x^ and x^ as space coordinates wheresas x^ is taken to be the time 
coordinate. On the other hand, the vector y°- is attatched as an internal variable to 
each point x^. In this sense, y"" may be regarded as the spacetime fluctuation (the 
micro-internal freedom) associated to the point x^ ([7], [S].) We will return to the 
interpretation of the directional argument y later on. 

4. First order approximation 

We now carry out the task of computing the fundamental tensors of the EAP-space 
under the linearization assumption (13.41) . The vertical (resp. horizontal) counterpart is 
obtained under no condition (resp. in the Cartan type case). Though, we have dealt 
with many cases in our previous paper [1^, it is the Cartan type case that can lend itself 
to the process of linearization. This is because the nonlinear connection and hence all 
geometric objects considered are expressed explictly in terms of the fundamental vector 
fields. On the other hand, a linearization of the horizontal field equations in the Berwald 
type case gives nothing new, since the derived horizontal field equations in this case 
actually coincide with those of the GFT [T^|2| 

In preparation to what follows, we set 

z^,u-=iK+hf,), Wf,^ := {k^ + k^); h^ := S^^h^, k^ := S^^k^ (4.1) 

fi V n u jj, i i fi i i 

Zab-={hb + ha), Wab ■■= {kb + ka); hb:=Sahb, kb:=Sakb. (4.2) 

a b a b a i i a i i 

Then, in view of (13.41) . we obtain 
Theorem 4.1. To the first order of approximation, we have 

(a) X'^^S^-e h,{x) - e h{y); A" ^ 5" - e h,{x) - e h{y). 

(b) g^,u ^ 5^,u + ez^^{x) + eWf,y{y)] gf"" ^ 5^^ - ez^^{x) - ew^,y{y). 

(c) Qab - Sab + ^Zab{x) + SWabiv)] Q"^ - ^ab - eZab{x) - SWabiv)- 

(d) Ct,^e{kb.,.){y). 

a 

(e) TS^^e{kb,,-k,,b){y). 

a a 

(f) Cb ^e{kb-a- ka-b){y)- 

a a 

^This implies, in particular, that both Maxwell's and general relativity theories are an outcome of 
our field equations under the Berwald condition. 



(g) Cl^ ^ \ e{Wah-c + Wac-b " Wbc-a){y)- 

(h) 7j"^ ^ ej/Cfe-c - i iWab;c + Wac-b - Wbc:a)}{y)- 

a ^ 

(j) ^l^ ^ £{(A;fe;c + A;c;b) - (t«a6;c + Wac;b " Wbc;a)}(l/)- 

a a 

Proof. We prove (a), (e) and (g) only. The rest can be proved in a similar manner. 

(a) Assume, to the first order of e, that A'^ = V^ + eH'^ + eK^. Then, in view of 
A^ A^ = 6i^, we have D^ = S^, e{H^ 5^+ KSA = and £{K^5^ + K6A = 0. By 

i i i i i i i i i i i i 

the second relation above, we get H^5u = — h^6a- Multiplying hy 5^, we obtain 

i i i i j 

H^ = —{5uhy)5a = —hj6a '■= —hj. Similarily, by e{K^ 5ij + kt^dA = 0, we 

j j i i i i fi i i i i 

conclude that K^ = —kj. The expression of A'' is obtained in a similar manner, 
using the relation A"Ab = 5?. 

i i 

(e) By (a), we have 

i i i a a i a 

(g) By (c), we have ^""^ = 6ad - ^Zad{x) - eWad{y) + 0{e^). Moreover, 

9cd;b = ewcd-b{y) + 0{e^), qm-c = ewM-c{y) + 0{e^), g^c-d = ewbc-d{y) + 0{e^). 
Consequently, 

^bc = 9 5'" {gcd;b + gbd;c — gbc]d} 

1 1 

- 2 ^^ad{Wdc;b + Wdb-c - Wbc;d}{y) = - £{Wab-c + Wac-b " Wbc-a]{y)- Q 

In the light of the above theorem, using the relevant definitions, we obtain 
Proposition 4.2. To the first order of e, the following hold: 

(a) eab ^ £{ka-bd - kb-ad){y), 

d d 

(b) Oab ^ e{ka-bd + kb-ad - '^kd-ab){y), 

d d d 

(c) iab - S{kb-dd - \ {Wab;dd + Wad;bd " Wbd-ad)}iy) > 

(d) ^ab - £{{ka;bd + kb-ad) - {Wad'M + Wbd-ad - W ab;dd)} (y) , 

d d 

(e) Xab ^ £ika;bd - kb-ad){y)- 

a d 

Let Wabc '■= \{u]ab;c + Wac;b " Wbc;a) ■ Then the following tensors contain no terms of 
first order: 

Proposition 4.3. To the second order of e, the following hold: 
(a) Tab ^ e^{{ kd-^ - k^.d){ kb-d - Wabd)}{y) 

c c a 

10 



(b) 0ab ^ e'^ii kd-c - kc-d){ ka-b + k^-a - 2Wdab)}{y)- 

c c d d 

(c) riab^e'^{{kd-c- kc;d){ka;b- hb;a)}{y)- 

c. c d a 

(d) Uab ^ e^{{ ka:c " Wd^c){ kb;d - Wcbd)}iy)- 

a c 

(e) aab ^ e^{{ k^,a - W^dca)( kd;b - Wcdb)}iy)- 

a c 

(f) aab'^e^iika-^c- ka-a){,kb-c- kc;b)}iy)- 

c c c c 

(g) hab ^ £H( kc;a " Wdca)i kb-d " Wcbd) + ( A;a;c " Wdac){ kd;b " W^cd6)}(Z/)- 

a c a c 

(h) [/„b ^ e^K f. _ Wdca)i kb-4 - Wm) - ( ka;c - Wdac){ kd;b " W^b)}{y)- 

a c a c 

Corollary 4.4. Assume that ( [5'.^[ j holds. Then, up to the first order of approxima- 
tion, the vertical fundamental geometric objects of the EAP-space are functions of the 
directional argument y only. 

5. Linearization in the Cartan-type case 

We now consider the Cartan-type case. In this case, the nonlinear connection coeffi- 
cients N^ are given by A^" = y^{X'^dnXb)^^. Consequently, all geometric objects of the 
EAP-space are expressed explicitely in terms of the fundamental vector fields forming 
the parallelization. 



Similar to Theorem 14.11 we have the following 

Theorem 5.1. Assume that the canonical d-connection is of Cartan type. Then, up to 
the first order approximation, the following hold: 

(a) N^^^e{y\hbAm- 

(b) T% ^ e(/i^.^)(x), Tl^ ^ e{hb.u){x). Consequently, N^ := N^.^ ^ e ha^^{x). 

^ Oi. ' a ' 'a 

(c) K^-^Ki^- K,^){x). 

^ a a 

(d) C^ ^ e{h^^a - K,iJi){x). 

a a 

\ ) i^u — ^1 A*!*^ 2 V A"^>^ ~'~ ^vci,fJ. '^^u,a) J\X). 

\S) ^^nu ~ ^Iv'^'M,!' "T ^^,^.1 \^ua,v ~r Zj^Q^n Zni,^a) J\X) . 

^ a a 

Proof. We prove (a) only. The rest is similar. We have 

n; = y\)fd,\b) 

= y\5a -eh-eh + 0{e^)}{ehb,,} = e{y^ h,^) + 0{e'). 



D 
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In the next two propositions, we assume that the canonical rf-connection is of Cartan 
type. Then, using the relevant definitions, taking into account Theorem 15.11 and setting 

Zpf,u := \{zp^,^u + zpy^^, - 2;^^,/3), we obtain 

Proposition 5.2. To the first order of e, we have 

a a 

a a ' a 

(d) ^p ^ ^ e{(/i^.^c. + h^^^c.) - 2Z„^j,,„}(x), 

a a 

a. a. 

The following tensors are of order e^. 
Proposition 5.3. To the second order of e, we have 

(a) 7^^ ^ e^K ha,p - hp,a){ K,a - Zf,yc,)]{x) 

p p fi 

(b) (p^^ - e^K ha,(s - hi3,c){ hf,,^ + K^^, - 2Z^^^)}(x). 

p j3 ' a a. 

(c) ri^^^e^{{K^,i- h^,a){h^^u- K,^^)}{x). 

p p a a 

(e) Gf,^ - e^K /i/3,M - ^a/3M)( ^a,!^ ~ ^/3ai.)}(x). 

(f) a^,, ^ e^{( /i^,/3 - hp,f,){K^„- h„^^)}{x). 

p p (T a 

(g) hnu — e {( hau — Zjiau){ hy ji — Zaufi) + ( hn^a — Zfiua){ /i/3,jy — Zaj3u)}{x). 

p a ' p a 

(h) U^j,^ — e {( ^a,/x — Zpa^){ hy^p — Zaul3) — ( ^^,a — ^/3Ata)( ^^,y ^ Zal3u)}{x). 

The relation equivalent to (12.51) in the Cartan type case is given by 

= E^i, := g^i,H — 2H^y — 2C^Cy — 2g^i,{C^\^ — CC^) — 2C"'A^ej, + 2C^\fj, 
- 2^^"A^,„|, - 2iV,(A^ ,^ - A^, ') + 2g^,C'N, - 2C^N,. 



(5.1) 



Consequently, C^N^, C^^N^, N^K^yp and N^Kp^^ are the additional terms appearing 
in the horizontal field equations under the Cartan condition that have no counterparts 
in the field equations obtained in the context of the GFT. 

Proposition 5.4. The following holds: 

(a) C^N^= e2{(/i -/i )/i }(x). 

12 



(b) N^K^^p = e^KAK,^ - ( V.)}(x). 

C fJ. fA. 

(c) N^kp^,= e\h,^p{K,-K^)}{x). 

c p p 

In view of Propositions (15. 2p , ( 15. 3 p and (15. 4p , we have 

Corollary 5.5. Assume that \3.4^ holds. Then, up to the first order of approximation, 
the purely horizontal fundamental geometric objects of the EAP-space in the Cartan type 
case are identical to their corresponding counterparts in the context of classical AP-space 
/7i] / and are functions of the positional argument x only. This is because all extra terms 
appearing in the horizontal field equations in ETUFT are of order e^ . Consequently, the 
horizontal field equations under the Cartan condition coincides with the CFT up to the 
first order of approximation. 

One reading of Corollary 15.51 is that our constructed unified field theory seems to 
be a plausable generalization of the CFT. Not only do the horizontal field equations in 
the Berwald-type case coincide with those of the CFT [T3], but also the horizontal field 
equations in the Cartan-type case coincide with the CFT in the first order of approxi- 
mation. This also means that our theory (under the Cartan type condition) differs from 
the CFT only when dealing with strong fields, that is, in the second (and higher orders) 
of e. In other words, the two theories actually coincide when dealing with weak fields. 

6. Approximate solutions of the vertical field equations 

In this final section, we will examine the solutions of the vertical field equations 
corresponding to the first order of approximation. 

By (I2.22P and (I2.23p . the vertical Einstein tensor is expressed in terms of the funda- 
mental tensors in the form: 

1 o 1 _ _ 

Sab - - habS = -gab{cr - k) - {Oab " hab) ■ (6.1) 

As easily checked, in view of Theorem 14.11 (c) and Proposition 14.31 (e) and (g) , (16. ip 
reduces in the first order of approximation to 

{Sabf'^-\5abS^'^=^. (6.2) 

o 

Contracting, we get S^"^' = 0, so that (16. 2p reduces to 

{Sab)^'^ = 0. (6.3) 

Now, we have [T3] 

° 1 

Sab = --{Oab-i^ab + (t>ab) +OJab- (6.4) 

Consequently, in view of Proposition 14.31 {{(pab)^^^ = i^abY^^ = 0), (16. 4p reduces in the 
first order of approximation to 

{Saby'^ = l{{M^'^-ieabf^}, (6.5) 
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so that, by Proposition 14.21 (b) and (d), noting that Wdd = '^kd, we obtain 

d 

{Sab)''^^ = 7; {{ka;bd + h;ad) - Wda-M - Wdh;ad + Wab;dd 

Z, d d 

- ( ka-db + kb-ad) + 2 kd;ab} 

d d d 

_ 1 , , 

— -^ \Wah-4d — "Wad-bd — WM;ad + Wdd-^abJ- 

The above equation, together with (16. 3p . gives 

Wab;dd - Wad;bd " Wbd;ad " Wdd;ab = 0. (6.6) 

Consequently, 

Wab;dd = Wad;bd + Wbd;ad — Wdd;ab 

= {Wad;bd — - Wdd;ab) + {Wbd;ad — " Wdd;ab), 

which can be expressed in the form 

Wab;dd = {{Wad;d " ^ Wdd;a);b + {wM;d " ^ ^dd;b);a]- (6.7) 

O 

Hence, if {C^d) = 0; ^^lat is, Wad;d = \wdd;a, then the symmetric part of the vertical 
field equations in this case reduces to 

g2 Q2 Q2 Q2 

Wab;dd = {^^ + ^^ + ^^ + ^^} Wab = 0. (6.8) 

In view of the interpretation of the variable y°, (16. Sp represents, a la Kaluza, a wave 
equation in the micro-internal dimension. 

On the other hand, by (12.251) and (12.261) . the vertical generalized electromagnetic 
field is given by 

Fab ■= {lab - Cab + Vab) , (6.9) 

Fab = dbCa-daCb. (6.10) 

By Proposition 14. 3[ (16. 9p and (I6.10p reduce in the first approximation to 

{Ca.,bY'^ - {Cb-J'^ = -iCbaf^ (6.11) 

Now, in the first order of e, 



Ca ^ e{ka;d - kd;a) ^ e{CaT^- Ca;b ^ s{ka;db ' kd;ab) ^ e{Ca;b)^'\ (6.12) 

d d d d 

Consequently, 

{Ca;bY'^ = iCaf^;b = k db - kd,ab. (6.13) 

d d 
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Contraction of relation fl6.6p yields 

U!dd;aa = Wad;ad^ (6.14) 

equivalently, 

i^d;aa = i^a-.da- (O.ioj 

a a 

Hence, in view of ( I6.13P and fl6.15p . we conclude that 

(Q;d)(') = (C,)«;, = (6.16) 

Differentiating ( 16. lip , taking into account f l6.16p . we obtain 

{Ca-4dT^ = {C,Y'^;dd = -{UY'^;d = -iU-J'^ (6.17) 

Consequently, by J" := -F°''°fc, where Ja is the vertical current density, we obtain 

Q2 q2 q2 q2 

^Wf ^ Wy ^ Wf ^ %¥^ ^^"^^'^ " -(•^-)^'^- (6-18) 

Hence, if (Ja)^^'' = 0, then (C'a)'-^-' again satisfies a wave equation in the vaicro -internal 
dimension. 

The vertical part of the field equations gives rise to two different 4-diniensional 
Laplace equations which would be wave equations if the metric was not positive def- 
inite, but had Lorentz signature. The meaning of this result, however, will be clarified 
if a clear physical interpretation of the vector y°- is given. 

We end the paper with the following remarks and comments: 

• As previously mentioned, a possible interpretation of the coordinates would to take 
Xi, X2 and X3 as space coordinates and x^ as time coordinates. On the other hand, 
the vector y°- is attached as an internal variable to each x^. According to Miron [8], 
y"- may be regarded as spacetime fluctuations (micro internal freedom) associated to 
the point x^. It could be argued that this interpretation, however, seems somewhat 
incompatible with fl3.4p . This is because we are actually combining dimensions of 
different natures, namely, a macro dimension x and a micro dimension y. To 
avoid this (apparent) incompatibility, we shall take x^ as stated above and leave 
the meaning of the directional argument y"' unspecified, at least for the present. 

• In any geometric field theory, authors try to attribute physical meaning to the 
geometric objects present in the theory. One way to accomplish this is to compare 
the new theory with previously existing field theories. The GFT is a field theory 
unifying electromagnetism and gravitation. It is thus a theory that generalizes 
both Maxwell's electromagnetic theory and Einstein's general theory of relativ- 
ity. The comparison of the GFT with these two theories, resulted in attributing 
some physical meaning to certain geometric objects occuring in the GFT (using 
certain systems of units). A new scheme, called Type Analysis fT3], has also 
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been suggested in the context of the GFT. Its aim is to test the AP-geometry 
(the underlying geometry of the GFT) for representing certain physical fields. The 
procedure of Type Analysis is usually applied before solving the field equations. 
It is a covariant procedure formulated in the language of tensors. Some tensors 
are used to characterize the AP-space under consideration. Roughly, the types 
of spaces considered are as follows: spaces with or without electromagnetic field, 
spaces with or without gravitational fields, and, finally, spaces in which both fields 
are present. The strengths of the fields involved are also taken into account. More 
precisely, some tensors are defined indicating the presence or absence of electomag- 
netic and gravitational fields. Not all possible combinations, however, are allowed. 
There are certain constraints. For example, a space with a non-vanishing electro- 
magnetic field necessarily contains a non- vanishing gravitational fieldjj 

One of our future aims is to generalize the procedure of Type Analysis to our 
constructed field theory. It should be noted that this is not an easy task. This is 
because both the physical and the mathematical scope of the ETUFT are much 
wider and richer in content than the GFT. Therefore, in the context of the ETUFT, 
an "extension" of the procedure of Type Analysis (applied to the (horizontal) 
field equations in the Cartan type case and the vertical field equations in the 
general case) is expected to be more complicated and much more involved. Some 
of the reasons for such complications are the following: First, the (horizontal) 
field equations in the Cartan type are more complex than their corresponding 
counterparts in the GFT (they coincide only in the first order of approximation). 
Secondly, we have two types of "e" in our linearized field theory. Last, but not 
least, our geometric objects, unlike the classical AP-geometry (in which the GFT 
is formulated), depend, in general, on both the directional argument x and the 
positional argument y. 

On the other hand, an application of (some method similar to) the procedure 
of Type analysis to the ETUFT may help us illuminate the physical role of the 
nonlinear connection and give a plausible physical interpretation to the directional 
argument y. This, in turn, may shed more light on the possibility that the ETUFT 
- in addition to unifying gravity and electromagnetism - could also describe some 
micro physical phenomena. 



^This is easy to see. An electromagnetic field carries energy, that is mass (since energy and mass are 
equivalent). But mass is the source of gravitational field. 
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• In conclusion, we note that both Einstein's and Maxwell's equations in the ETUFT 
are doubled. This is due to the splitting of the field equations induced by the 
nonlinear connection. An interpretation of the new equations is needed. Perhaps 
it is possible to connect one of Maxwell's fields with SU{2) gauge fields. Such a 
step seems necessary, given the spectacular success of Weinberg-Salam theory. This 
point will be the subject of future research. 
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